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Abstract 

The applicability or terminating condition for the ordinary case of 
Zeilberger's algorithm was recently obtained by Abramov. For the q- 
analogue, the question of whether a bivariate g-hypergeometric term has 
a gZ-pair remains open. Le has found a solution to this problem when 
the given bivariate g-hypergeometric term is a rational function in certain 
powers of q. We solve the problem for the general case by giving a char- 
acterization of bivariate g-hypergeometric terms for which the g-analogue 
of Zeilberger's algorithm terminates. Moreover, we give an algorithm to 
determine whether a bivariate g-hypergeometric term has a gZ-pair. 
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1 Introduction 

Zeilberger's algorithm [10,16,19], also known as the method of creative telescop- 
ing, is devised for proving hypergeometric identities of the form 

oo 

F(n,fc) = /(n), 

k= — oo 

where F(n, k) is a bivariate hypergeometric term and f(n) is a given function 
(for most cases a hypergeometric term plus a constant). The algorithm can 
be easily adapted to the g-case, which is called the g-analogue of Zeilberger's 
algorithm [7, 12, 15, 18]. Let N and K be the shift operators with respect to n 
and k respectively, defined by 

NT(n, k) = T(n + 1, k) and KT(n, k) = T(n, k + 1). 

Given a bivariate g-hypergeometric term T(n, k), the g-analogue of Zeilberger's 
algorithm aims to find a qZ-pair (L, G), where L is a linear difference operator 
with coefficients in the ring of polynomials in q n 

L = a (q n )N° + a^N 1 + ■■■+ a r (q n )N r 

and G is a bivariate g-hypergcometric term G(n, k) such that 

LT(n,k) = (K - l)G(n,fe). 

Zeilberger's algorithm has been widely used as a powerful tool to prove hyper- 
geometric identities. It was an open question when the algorithm terminates. 



This problem was solved recently by Abramov [1,2]. For the g-analogue of Zeil- 
berger's algorithm, Le [13] found a solution to the termination problem for the 
case of rational functions. In this paper we provide a complete solution for the 
general g-case. 

We begin with an additive decomposition of univariate g-hypergeometric 
terms. Using this decomposition, a univariate g-hypergeometric term T(n) can 
be represented as 

T(n) = (N-l)T 1 (n)+T 2 (n), 

where and T 2 (n) are g-hypergeometric terms, and T 2 (n) has the following 

form 

where Mi, u 2 , /i, / 2 are polynomials and for any integer m, U2(x) and U2(xq m ) 
have no common factors except for a power of x. Consequently, a bivariate 
g-hypergeometric term T(n, k) can be decomposed as 

T(n,k) = (K - \)T\{n, k) + T 2 (n, k) (1.1) 

such that 

fc-i 

T 2 (n,k)=T(n,k )V(q n ,q k ) JJ F(g",g'), 

i=fco 

where V, F are rational functions and the denominator v 2 of V satisfies the 
conditions that for any integer m, v 2 (#,?/) and V2(x,yq m ) have no common 
factors except for a power of y. The polynomial t» 2 (:c, y) with the above property 
is called £ y -free. We should note that the above decomposition does not solve 
the minimal additive decomposition problem and is not unique (see [5] for a 
precise definition). However, for the purpose of constructing a gZ-pair, it turns 
out that one may choose any decomposition. 

Then we consider the structure of bivariate g-hypergeometric terms. The 
structure of ordinary hypergeometric terms has been studied by Ore [14], Sato- 
Shintani-Muro [17], Abramov-Petkovsek [6] and Hou [11]. To a large extent, the 
q-case is analogous to the ordinary case. For each bivariate g-hypergeometric 
term, we associate it with a normal representation (g-NR) which consists of 
four polynomials r, s,u,v. Based on the properties of the representation, we 
may give a definition of g-proper hypergeometric terms and prove that under 
the condition that v is e y -free, a bivariate g-hypergeometric term has a qZ-paiv 
if and only if it is a g-proper term. Applying the decomposition (|l.lfl , we deduce 
that for any bivariate g-hypergeometric term T, it has a gZ-pair if and only if 
T 2 is g-proper. 

We conclude with some examples. 



2 £-Free Decomposition 

Throughout the paper, we let Z, Z + and N denote the set of integers, positive 
integers and nonnegative integers, respectively. For integers (or polynomials) 
a, b, we denote by gcd(a, b) the (monic) greatest common divisor of a and b. We 
also write a _!_ b to indicate that a and b are relatively prime, i.e., gcd(a, b) = 1. 
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Let F be a field of characteristic zero, g S F a nonzero element which is not 
a root of unity, and x transcendental over F. Denote by e the unique automor- 
phism of F(x) which fixes F and satisfies ex — qx. Then ¥(x) together with the 
q-shift operator e is a difference field [8]. Let r and s be two polynomials. We 
say that r/s is e-reduced if r _L e s for all h G Z. 

To be more specific, the rational functions involved in the g-hypergeometric 
terms (see Definition 12 .4|) are rational functions of q n . However, for a rational 
function R G ¥(x), we have 

N R(q n ) = R(q n+1 ) = eR(q n ) and i?(g n ) = Vn > n <f> R(x) = 0. 

Therefore, there is a natural one-to-one correspondence between the set of ra- 
tional functions of q n together with the shift operator N and the field ¥(x) 
together with the g-shift operator e. In this paper, we adopt the notation of 
¥(x) as in the work of Abramov-Paule-Petkovsek [4]. 

The concept of rational normal forms introduced by Abramov and Petkovsek 
[5] can be extended to the g-case. 

Definition 2.1 Let R 6 ¥(x) be a rational function. If polynomials r,s,u,v G 
F[:r] satisfy 

(i) R = 7 - ■ T^jy where u±v and u, v have no factor x, 

(ii) r/s is e-reduced, 

then (r, s, m, v) is called a q-rational normal form (q-RNF) of R. 

Recall that a monic polynomial that has no factor x is called a g-monic 
polynomial by Abramov, Paule, and Petkovsek [4]. The following factorization 
theorem was given in [4] . 

Theorem 2.2 Let R £ ¥(x) \ {0}. Then there exist z S F and monic polyno- 
mials a, b, c G ¥[x] such that 

F>( \ - a ( x ) c (l x ) 
[X '~ Z b(x) c{x) ' 

gcd(a(ir), b(q n x)) = 1, for all n G N, ^ 2A " } 
gcd(a(a;), c(x)) = gcd(6(ir), c(qx)) = 1 and c(0) ^ 0. 



We call (az, b, c) a q-Gosper form (g-GF) of R. 



Theorem 2.3 Every rational function R G ¥(x) has a q-RNF. 

Proof. It is clear that (0, 1, 1, 1) is a g-RNF of 0. For R ^ 0, by Theorem 
there exists a q-GY {az, b, c) of R. Applying Theorem l2 . 21 again to b(x)/a(x), we 
get a g-GF (r, s, d). From the construction given in [4], we have r \ b and s \ a. 
Hence s(x) _L r(xq n ) for any n G N because (az, 6, c) is a g-GF. Since (r, s, d) is 
also a g-GF, we have r(x) _Ls(xg") for any n G N. Thus s/r is £-reduced and 
(zs, r, c/ gcd(c, d), dj gcd(c, d)) is a g-RNF of i?. I 

The above proof provides an algorithm to generate a g-RNF of R. 
Algorithm g-RNF 
if R = then 
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return (0, 1, 1, 1); 

else 

compute 'q-GF' of R, we get (a, b, c); 
compute 'q-GF' of b/a, we get (r, s,d); 
return (s, r, cj gcd(c, d), dj gcd(c, d)); 

We now come to the q-multiplicative representation of a general q-hypergeometric 
term. This is the starting point of the e-free decomposition algorithm. 

Definition 2.4 Suppose T(n) is a function from N to ¥. If there exist a non- 
negative integer n and a nonzero rational function R(x) 6 W(x) such that 
T(n + 1) = R{q n )T(n) for all n > n , then we call T(n) a (univariate) q- 
hypergeometric term. 

Suppose (r 7 s,u,v) is a q-RNF of a rational function R. Then the corre- 
sponding q-hypergeometric term T(n) satisfies 

T{n) = T(n ) TT Rtf) = , T <"°> , • ^ 17 Vn > n . 

v; v ' J-J- yH ' u(q n °) v(q n °) v(q n ) 11 s(q^) 

j=n j=no 

This leads to the following definition. 

Definition 2.5 Let T(n) be a q-hypergeometric term and D, U be two rational 
functions such that D(q n ) has neither poles nor zeros and U(q n ) has no poles 
for all n> n n . Suppose that 

ri-1 

T(n) = U(q n ) J] W), Vn > n . 

Then we call (D,U,n n ) a q- multiplicative representation (q-MR) of T . 

Let A — N — 1 be the difference operator with respect to n. The following 
lemma can be easily verified. 

Lemma 2.6 Let T and T\ be two q-hypergeometric terms with q-MRs (D, U, n ) 
and (D,Ui,n ), respectively. Suppose that 

T 2 = T-ATi and U 2 = U - D ■ eU x + U x . 

Then (D,U 2 ,n ) is a q-MR of T 2 . 

For u, v G F[x], let 1Z be the set of all nonnegative integers h such that there 
exists an irreducible polynomial p(x) ^ x satisfying p(x) \ u(x) andp(x) | v(q h x). 
Define qdis(w, v) to be max{/i £ 1Z} or —1 if 1Z is empty. Note that 1Z is a finite 
set, and "qdis" is well defined. If qdis(w,w) — 0, we say that v is e-free. 

Given a q-hypergeometric term T with a q-MR {D, U, no). Usually the de- 
nominator u of U is not e-free. However, translating the decomposition algo- 
rithm of [5] into the q-case, we have the following e-free decomposition algorithm 
"g-decomp" , which decomposes T = ATi+T 2 such that T 2 has a q-MR (F, V, n a ) 
where the denominator of V is e-free. 
Algorithm q-decomp 
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Input: (D, U, n ) Output: U 1: F, V € ¥(x) 

d\ := numer(Z)); <i 2 := denom(£>); 
C/i := 0; f/ 2 := U; u 2 := dcnom(J7); 
N := qdis(u 2 , u 2 ); 
for h := N down to 1 do 

«2 := M 2 /gcd(u 2 ,rf 2 ); 

s(x) := gcd(v 2 (x),v 2 (q~ h x)); 

(s, M 2 ) := pump(s,w 2 ); 

write ?7 2 = a/u 2 + &/s where a, 6 G F[x]; 

(7( := -6/5; 

E/i := C/i + C/{; U 2 := U 2 - D ■ eU[ + 

u 2 : = denom(C/ 2 ); 
/i := di, f 2 := d 2 ; v 1 := numer([/ 2 ); v 2 := denom(C/ 2 ); 
to := gcd(d 2 ,v 2 ); 
u 2 := v 2 /w; f 2 := ewf 2 /w; 
F:=h/.f 2 -V:= (l/w(q n °))-v 1 /v 2 ; 
return (Ui,F,V). 

The procedure "pump" is the same as in the ordinary case. 

Algorithm pump 

Input: f,g G F[x]; Output: /,jgF[i]. 

/:= /;.9 :=.?//; 
repeat 

d:=gcd(/,ff); f := fd;g := g/d; 
until deg tf = 0; 
return (/,<?). 

The following theorem shows that the e-free algorithm generates the desired 
decomposition. 

Theorem 2.7 Let T be a q-hy per geometric term with a q-MR (D, U, no) and 
U\,F,V be given by the algorithm q-decomp. Then there exist q-hypergeometric 
terms T\ and T 2 such that 

(1) T= ATi+T 2 . 

(2) Ti has a q-MR (D, U u n ) and T 2 has a q-MR (F, V, n ). 

(3) The denominator of V is e-free. 

Furthermore, if D is e-reduced, so is F . 

Proof. Let uq be the denominator of U. We first use induction to show that 
after iterating the loop of h in the algorithm i times, the denominator u 2 of U 2 
satisfies: 

(a) qdis(v 2 , v 2 ) < N - i, 

(b) u 2 (q n ) has no zeros for all n > no, 

where v 2 = u 2 j gcd(w 2 , d 2 ), and d 2 is the denominator of D. 

The case for i = is trivial. Assume that the assertion holds for i — 1. Let 
m 2 and u 2 be the denominator of U 2 after i — 1 and i iterations, respectively. 
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Set h = N — (i — 1) >0 and w 2 = gcd(u2, (fe)- From the algorithm g-decomp 
we have 



Suppose the prime decomposition of s is p" 1 ■ ■ -p" r and v 2 — Pi • ■ -p^ r v' , w 2 — 
pj 1 ■ ■ ■ p^ r w 1 where Then the algorithm "pump" enables us to 

decompose u 2 as p^ 1+71 • • -p^ r+ ' <T ■ (v'w r ). That is, s = pf 1+71 • • •pf r+7r and 
u 2 = v'w'. Since 



it follows that u' 2 divides the least common multiple of u 2 and d 2 es. Hence 
we have that u' 2 divides v'd 2 ■ es. Let v" — v' ■ es. Assume that there exist 
an integer m > h and an irreducible polynomial p{x) ^ x such that p \ v" and 
p | £ m v" . We may encounter four cases: 

• p | v' and p | £ m v' . 

From v' \v 2 and qdis(v2,f2) < h, it follows that m = h. Therefore, 
e~ h p | £~ h v 2 and £~ h p\v 2 . Consequently, we have e~ h p\s, which con- 
tradicts v' ±s. 

• p | v' and p | £ m+1 s. 

Since s and s have the same prime factors, we have p\e m+l s, implying 
that p\ £ m+l v 2 . On the other hand, we have p\v 2 , which contradicts 
qdis(w 2 , v 2 ) < h. 

• p | es and p | £ m v' . 

In this situation, we have e~ 1 p\s, which implies that e~ x p \ e V2, or 
equivalently, e h ~ 1 p\v 2 . On the other hand, e h ~ 1 p | e m+ l v%. Since 
qdis(i;2,U2) < h, we get m + h — 1 < h, and hence m = 1. Now we 
have p | £s and p | which contradicts v' J_ s. 

• p\es and p \ e m+1 s. 

Similarly, we have e~~ 1 p\s and hence e~~ 1 p \ e~ h v 2 , i.e., e h ~ 1 p\v 2 . How- 
ever, we have e h ~ 1 p \ £ m+h v 2 . Thus, we obtain m + h < h, which is also 
a contradiction. 

In summary, we may conclude that qdis(i/', u") < h — 1. Because u' 2 divides 
v" ■ d 2 , there exist v \ v" and w \ d 2 such that u' 2 = vw. Let v' 2 = u' 2 / gcd(u 2 , d 2 ). 
From w | gcd(u 2 , d 2 ), it follows that v 2 \ v. So we get qdis(w 2 , v 2 ) < h—1 = N—i, 
Thus, we have proved (a). Since w 2 |w2 ■ su 2 ■ d 2l (b) immediately follows from 
the induction hypothesis. 

On the other hand, since s\u 2 , (b) implies that Ui(q n ) has no poles for all 
n > riQ. Let 



Tx(n) = U!(q n ) J] D(qi) and T 2 (n) = U 2 (q n ) J[ Dtf). (2.2) 



Noting that U 2 = U - DeUi + Ui, by Lemma 131)1 we obtain T = ATi + T 2 . 
Because w | d 2 and d 2 {q n ) ^ for all n > uq, we can write T 2 (n) as 



v 2 = u 2 /w 2 and s = gcd(v 2 (x), v 2 (q h x)). 




n-1 



T 2 (n) 



1 



wxo n w) 



7(<f) J] 



u>(g n o) 



j=no 



j=n 



G 



Let v be the denominator of V. Then (a) implies qdis(v,t>) = 0, that is, v is 
e-free. 

Finally, notice that /i = d\ and f 2 = sw ■ (cfe/w) where w \ di- Therefore, F 
is e-reduced provided that D is £-rcduced. This completes the proof. I 

3 Bivariate g-Hypergeometric Terms 

We begin this section with the definition of bivariate g-hypergeometric terms. 

Definition 3.1 Suppose T(n, k) is a function from N 2 to F. // there exist ra- 
tional functions R\{x,y), R 2 {x,y) G ¥(x,y) and n eN such that 

T{n+l,k) = R 1 {q n ,q k )T{n,k) and T(n, k + 1) = R 2 (q n , q k )T(n, k), 

for all n,k > n n , then we call T(n, k) a bivariate q-hypergeometric term. 

Without loss of generality, from now on we may assume that n — and 
that Ri(q n , q k ), #2(9™, q k ) have neither zeros nor poles for all n, k > 0. 

Denote by e x and e y the shift operators on ¥(x, y) defined by e x x = qx, 
£ x\w(y) — id (the identity map) and e y y = qy,£ y \w( x ) — id, respectively. The 
idea of g-RNF can be easily adopted to the bivariate case by taking F(y) as 
the ground field. Let R(x, y) be a rational function of x and y, its q-rational 
normal form (g-RNF with respect to e x ) is represented by (r,s,u,v) as in the 
univariate case. By using the ground field F(x), we may find a g-RNF of R(x, y) 
with respect to e y . 

Let T(n, k) be a bivariate g-hypergeometric term. By definition, there exists 
a rational function R such that 

T(n+l,k)/T(n,k) = R(q n ,q k ). 

Suppose (r, s,u, v) is a q-RNF of R with respect to e x . We call (r, s,u, v) a 
g-normal representation (g-NR) of T(n, k) with respect to the shift operator N. 
Similarly, we can define the q-NR of T(n, k) with respect to the shift operator 
K. 

We next give a characterization of the polynomials involved in the g-NR of 
bivariate g-hypergeometric terms. 

Theorem 3.2 Let T(n, k) be a bivariate q-hypergeometric term that has a q-NR 
(r,s,u,v) with respect to N. Then r and s are products of polynomials having 
the form 

a 

1=1 

where p is a Laurent polynomial of one variable, a £ Z + ,b,c,d, w; £ Z, a!6, 
and Wi ^ Wj (mod a), V i 7^ j. 

Similarly, suppose (r,s,u,v) is a q-NR of T with respect to K. Then r and 
s are products of polynomials having the form 

a 

(x c y d )-\[p(q Wl x h y a ) 
1=1 

under the same conditions. 
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Sketch of the proof. The proof of the ordinary case [11, Theorem 3.4] can be 
carried over to the q-case except that we need to consider the characterization 
of polynomials f(x, y) such that /(q°x, q b y) = Cf(x, y) for certain integers a, b 
and C G F. I 

Consequently, we have 

Corollary 3.3 Let T(n, k) be a bivariate q-hypergeometric term that has a q- 
NR (r,s,u,v) with respect to N (or K respectively). Then we have 

uu ain+bik-\-Ci 

f n fe , n n fi(i j ) 

v ; v(q n ,q k ) vv ojn+hjfe+cj 

n n mi?) 

1=1 j=0 

where C G F, uu, vv G N, ai,bi, ci, a',,b',, c', G Z and /j, gi are polynomials. 

Corollary 13.31 enables us to give the following definition of q-proper hyperge- 
ometric terms. 



Definition 3.4 A polynomial f G F[x, y] is said to be q-proper if for each of its 
irreducible factor p(x,y) G F[x, y], there exist a,b E It, not both zeros, such that 
p(x,y)\p(q a x,q b y). A bivariate q-hypergeometric term T is said to be q-proper 
if v is a q-proper polynomial where (r,s,u,v) is a q-NR of T with respect to N 
or K . 



Suppose that T is a bivariate q-hypergeometric term that has a q-NR (r, s, u, v) 
with respect to N (or K) . Theorem 13.21 guarantees that r and s are both 
q-proper polynomials. 

As in the case of ordinary bivariate hypergeometric terms ( [11, Theorems 
4.2]), we have an analogous "fundamental theorem" for the q-case. 

Theorem 3.5 Let T(n,k) be a bivariate q-hypergeometric term. Then T is q- 
proper if and only if there exist polynomials Ojj(x) G F[x], not all zero, such 
that 

aij(q n )T(n + i,k + j)=0 Vn,fc>0. 

0<i<J, 0<j<J 

Based on an analogous argument for the ordinary case as in [16, Theorem 
6.2.1], we get 

Corollary 3.6 Any q-proper hypergeometric term has a qZ-pair. 



4 The Existence of gZ-Pairs 

In this section, we obtain a necessary and sufficient condition for the existence 
of qZ-pairs for any bivariate q-hypergeometric term based on its q-NR with 
respect to K. 

From Theorem 13.21 we have 
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Corollary 4.1 Let T(n,k) be a bivariate q-hypergeometric term that has a q- 
NR (r, s, u, v) with respect to K . Then there exist polynomials fi{x), gi{x) G ¥[x] 
and Oj, a'^bi^b'i £ Z such that 

/ r (q n +\qi) s(q n ,q^)\ f i (q a ' k+bin ) 



r(g»,gJ*) s(q™+\ql)J ^ &(g°i fe +^" 



We need to consider the following ratio 

T(n + i,k) _ T{n + i, 0) yj f T(n 4- /../' - L ) Tl //. ,/ ) 



T(n,k) T(n,0) 1 = 1 \ T(n + t,j) T(n,j + l)J' 

which can be rewritten as 

T(n + z,fc) = ttt T 1 f r(g»+'+ 1 , g J) s(g"+W) 1^ T(n + j + 1, 0) 
T (n,k) fj/i/ »•(?»+', gi) s(g n +* +1 , g?) J 11 T(n + ;,0) 

u{q n +\q k ) u(q n ,q°) v(q n +\q°) v(q n ,q k ) 
' u(q n +\q°) u{q n ,q k ) v{q n +\q k ) v(q n ,q )' ' 

From Corollary 14 . 1 1 we get the following expression. 

Lemma 4.2 Let T(n, k) be a bivariate q-hypergeometric term that has a q- 
NR (r, s,u,v) with respect to K. Then for each i > 0, there exist q-proper 
polynomials vJf^(x,y) and W2^{x,y) such that 

T(n + i,k) = u{q n +\q k ) v{q n ,q k ) w^\q n ,q k ) y ^ fc > Q 
T{n,k) v{q-"+ i ,q k ) ' u(q n ,q k ) ' u^fa"*?*)' ' " 

An e^-free polynomial that is not q-proper has a special factor. 

Lemma 4.3 Let f € F[x,y] be a non-q-proper and e v -free polynomial. Then 
there exists an irreducible factor p of f such that 

p(x,y)±p(q l x iq iy), V(M-)eZ 2 \{(0,0)}, 
p(x,y)±f(q i x,qiy), V(i,i) G (N x Z) \ {(0,0)}. ^ 

Proof. Since f(x,y) is non-q-proper, by definition it has an irreducible factor 
Pi(x,y) such that p x (x, y) ±p 1 (q t x, q j y), V (i, j) eZ 2 \ {(0,0)}. 

We may factor f(x,y) as 

f(x, y) = p? (q ai x, q<*y) ■ ■ -p^^x, q b "y)h(x, y), 

where (a,i,bi) G Z 2 are distinct pairs, a 2 ; G Z + , and pi(q l x, q^y) _L f\{x, y) for 
all i,j G Z. Since f(x,y) is £ y -free, it follows that <ij ^ a.,- as long as a / j. 
Without loss of generality we may assume that a\ < 02 < ■ ■ ■ < a r . Thus, 
p(x,y) = pi(q ai x, q bl y) satisfies the condition l|4.3|l . I 

We are now ready to give a criterion for the existence of qZ-pairs. 

Theorem 4.4 Let T(n, k) be a bivariate q-hypergeometric term that has a q-NR 
(r,s,u,v) with respect to K such that v is e y -free. Then T(n,k) has a qZ-pair 
if and only if v is a q-proper polynomial. 
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Proof. Because of Corollary 13.61 it suffices to show that if T(n, k) has a qZ- 
pair, then it is g-proper. To this end, we assume that T(n, k) is a bivariate 
g-hypergeometric term. Moreover, we assume that T(n, k) is not g-proper, but 
it has a gZ-pair. We proceed to find a contradiction. 

Clearly, for a difference operator L e F[g", N], we have 
(N ■ L)T(n, k) = (K - l)G(n, k) <^ LT(n, k) = (K - l)G(n - 1, k). 
Therefore, we may assume that T(n, k) has a qZ-paiv (L, G) of the form 



i=0 

where cii(q n ) are polynomials in q n and ao ^ 0. Since LT/T and (K — 1)G/G 
are both rational functions of q n and q k , we may assume that 

G(n,k) = -^-^-T(n,k), 

g(q ,q ) 

where /, g G F[a;, y] are two relatively prime polynomials. 
By the definition of gZ-pairs, we have 

^ T(n + t,k) _ /(g", g fc + 1 )T(n,fc + l) /(g",g fc ) 

^ J T(n,k) 9 (q»,q k +l) T(n,k) g{q n ,q k Y K ' } 

Substituting H4.2(l into l|4.4(l . we obtain 

V a (x) u ^ g ' x ' y ) ^ ^' y ) = t^El qy ^ r^yX, y ^ u ( x > qy ^ f( x > ^ y ^ (45) 
^ 1 v(g l a;, y) w ^>( x ,y) 9(x,qy) s(x,y) v(x,qy) g(x,y) v(x,y) ' 

Let ui = u/ gcd(u,5), gi = g/gcd(u,g). Multiplying 

qy)gi (x, y)v(x, qy)s{x, y) Yl v{q 3 x, y)w { 3 ] [x, y) 

3=0 

to both sides of (|4.5|l . we arrive at 



gi(x, qy)g\ (», yM^, ?y)sO, y) 
i 

• ^2 ai{x)u{q l x, y)w { { ] (x, y) v^x, y)w^ ] (x, y) 
92/)r(ar, y)ui(x, qy)gi[x, y) J| i>(g J a;, y)w^\x, y) 

3=0 

I 

- f(x, y)ui {x, y)gi {x, qy)v(x, qy)s(x, y)wf ] (x, y) ■ J| v{q>x 1 y)w { 2 3) (x, y). 

3=1 

(4.6) 

Since T(n,k) is not g-proper, from Lemma [4.31 it follows that there exists 
an irreducible factor p of v satisfying the condition l|4.3|) . Noting that p(x,y) 
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divides each term of the left-hand side of (|4.6|l except for the first term, we 
obtain that p(x, y) divides 



9i(x, qy)v(x, qy)s(x, y) J| v(q>x, y)w ( 2 j) [x, y) 

3 = 1 

x (gi{x,y)a {x)u(x 1 y)w ( ° ) (x 1 y) + f{x,y)ux{x,y)wf ) {x,y)). 
From Ij4.3jl it follows that 

p(x, y) ± v(x, qy) J| v(q J x, y). 
3=1 

(i) 

Since s and w 2 are g-proper, they are also relatively prime to p. This implies 
that p(x, y) divides 

9i (x, qy) (di (x, y) a o (x)u(x, y)wj 0) (x, y) + f(x, y)ui (x, y)w i 2 ) (x, y)) . (4.7) 
Similarly, since p(x,qy) divides both sides of l|4.6|) and uJ-V, we have 

P(x,qy)\f(x,qy)g 1 (x,y). (4.8) 
Case 1. Suppose p(x, qy) \ f(x, qy). Since p(x, y) divides (|4.7|) . it follows that 
P(x, y) \gi(x, qy)gi (x, y)a (x)u(x, y)w'f ) (x,y). 

Since clq and are g-proper polynomials, we may deduce 

that p{x, y) | gi(x, qy), i.e., p(x, q~ x y) \ gi{x, y). Let m(> 0) be the greatest 
integer such that p(x,q~ m y) \g±(x,y). By virtue of l|4.6|) . we have that 
pix, q~ m y) divides 

f(x, y)ui{x, y)gi(x, qy)v(x, qy)s(x, y)w { 2 a) (x, y) v{q 3 x, y)w { 2 \x, y). 

3 = 1 

However, f-Lg and <7i_Lui imply that p{x, q~ m y) \ gi{x, qy), which con- 
tradicts the choice of m. 

Case 2. Suppose p(x,qy) \gi(x,y). Let M > be the greatest integer such that 
p(x,q M y) \gi(x,y). Similarly, from Ij4.6|l it follows that p(x,q M+1 y) di- 
vides 

f(x, qy)r{x, y)ui(x, qy)gi{x, y) v(q 3 x, y)w 2 j) (x, y). 

3=0 

Hence we get p(x, q M+1 y) \ gi{x, y), which is again a contradiction. I 

To extend the above result to general bivariate g-hypergeometric terms, we 
need the concept of similar q-hypergeometric terms. Two bivariate g-hypergeometric 
terms T±, Ti are called similar if there exists a rational function R £ F(x, y) such 
that Ti(ra, k)/T 2 (n, k) = R(q n ,q k ). 

As in the ordinary case, the existence of qZ-p&irs is preserved under addition 
of similar bivariate g-hypergeometric terms. 
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Lemma 4.5 Suppose there exist qZ -pairs for two similar bivariate q-hypergeometric 
terms T±(n,k) andT 2 {n,k). Then there exists a qZ -pair for T(n,k) =T±(n,k) + 
T 2 (n, k). 

Notice that T(n,k) = (K — l)G(n,k) has a qZ-pair (1,G). Combining 
Theorem 14.41 and Lemma T4. 51 we obtain the main result of this paper. 

Theorem 4.6 Let T(n,k) be a bivariate q-hypergeometric term. Let T\,T 2 be 
two similar bivariate q-hypergeometric terms satisfying 

T(n,k) = {K -1)^(11, k) + T 2 (n,k) 

and T 2 (n, k) has a q-NR (r, s, u, v) with respect to K such that v is e y -free. Then 
T(n, k) has a qZ-pair if and only ifT 2 (n, k) is a q-proper hyper geometric term, 
or equivalently, if and only if v(x, y) is a q-proper polynomial. 

5 Algorithms 

Let T(n, k) be a bivariate q-hypergeometric term. By the algorithm "q-RNF" , 
we may find a q-NR (r, s, u, v) of T(n, k) with respect to K. Let 

v(x,q k ) ~Sq s{x,q^) 

Then F(k) is a univariate q-hypergeometric term over the field F(a;) with a 
q-MR (r/s, u/v, 0). On the other hand, by Equation l|4.1|) . we have 

F{k)\ x=q »+i = u{q n +\q k )v(q n ,q k ) r(q n +\ q-?>(q", <?) 
F(k)\ x = q n u(q n ,q k )v(q n+1 ,q k ) JU r(q" , qJ>(q™ +1 , qi) 

_T(n+l,k) T(n,0) u(q n+1 ,q°)v(q n ,q ) 
~ T(n,k) ' T(n+ 1,0) ' u(q n , q°)v(q n+1 , q°) ' 

which is also a rational function on q n and q k . Hence F(n, k) — F(k)\ x=q ™ is a 
bivariate q-hypergeometric term. 

Using the algorithm "q-decomp" given in Section [21 one may find univariate 
q-hypergeometric terms Fi(k),F2(k) such that 

F(k) = (K - l)F 1 (k) + F 2 (k) 

and F 2 (k) has a q-MR (/1//2, Vx/v2, 0) with v 2 being e y -free. Since /1//2, v\jv 2 G 
F(x)(y), we may assume that f\ , f 2 , v\ , v 2 £ F[x, y] and /1 _L f 2 , v\ -Lv 2 . From 
the fact that r/s is e y -reduced, it follows that /1//2 is also £ y -reduced. 
Let 

v(q n , q°) 

Ti(n,fc) = r(rt,0) ' • Fi(k)\ x=qn , 
u(q",q u ) 

T 2 (n, fc) = T(n, 0) -f^J- ■ F 2 (k) | x=g „ . 
u(q",q°) 

Since Equation (|2.2|) implies that 

F 1 (k) = ^- ■ F(k) and F 2 (fc) = ^ • F(fc), 
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it follows that Ti(n, k) and T 2 (n, k) are similar bivariate g-hypergeometric terms. 
It is easily verified that 

T(n, k) = {K- l)Ti(n, k) + T 2 (n, k) 

and (/i, f 2 , «i, W2) is a g-NR of T2 with respect to K. Therefore, Theorem 14.61 
implies that T(n, k) has a gZ-pair if and only if v 2 is a g-proper polynomial. 

Finally, we need the algorithm given by Le [13] for determining whether or 
not a polynomial is g-proper. 

We are now ready to describe the algorithm to determine whether a bivariate 
g-hypergeometric term T(n, k) has a gZ-pair. 

1. Apply the algorithm in [7] to find a rational function R G F(x, 
such that 

T(n,k+ 1) , 
T(n,fc) ' 9 } ' 

2. Find a g-RNF (r, s, u, v) with respect to s y of i?. 

3. For D = r/s,U = u/v and no = 0, apply the algorithm 'g-decomp' 
with respect to e y to get V = V\/v2- 

4. Use the algorithm in [13] to determine whether v 2 is g-proper. 
If the answer is yes, then T has a gZ-pair; otherwise, T does 
not have any gZ-pair . 

Here are two examples. 
Example 1. Let 

T(n k) = q k (l + q n+1 +q k+2 ) 

(g n + g fe + l)(g n + g fc+1 + l) II -^(l - 9 J ) ' 

Then 

T(n, k + 1) g(l + g™ +1 + g fc+3 )(g™ + q k + 1) 



T(n, fc) (g™ + g fe + 2 + 1)(1 + g n+1 + g t+2 )(l - g fe + 2 ) ' 
and we have 

r = q, s = 1 — q 2 y, u = 1 + qx + q 2 y, v = (x + y + l)(x + qy + 1) 

is a g-NR of T with respect to K . For D = r/s,U = u/v and no = 0, applying 
the algorithm "g-decomp" , we get 

V 1 - q2 



{-l + q 2 )(x + l)' 

Clearly, v 2 is g-proper, so T(n, k) has a gZ-pair. Indeed, we can check that 

L=l, G= l —, 

(g" + g fc + l)n,=i(l-^) 

is a gZ-pair for T[n, k). 
Example 2. Let 

T(n, k) = g fc (l + g "+ 1 +g fc + 2 ) 

(g« + g fc + l)(g» + g fc +! + 1) JT J=l {l - q>) 
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Then 

T(n, k + l) q(l + q n+1 + q k+3 )(q n + q k + 1) 



T(n,k) " (q n + q k + 2 + 1)(1 + q n + l + q k + 2 )(l - q^ 1 )' 
and we have 

r = q, s = 1 - qy, u = 1 + qx + q 2 y, v = (x + y + l)(x + qy + 1) 

is a g-NR of T with respect to K . For D = r/s,U = u/v and n = 0, applying 
the algorithm "g-decomp" , we get 

T/ / -(x + y + l)q 2 

V = V1/V2 — 



{q - \){x + \){x + qy + I)' 

Since x + qy + 1 is not a g-proper polynomial, it follows that T(n, k) has no 
gZ-pair. 
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